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1 Note that surfacic approaches also exist but are not
generally need also some a priori assumption for the co
considered (Valid, 1995).
2 Indeed, the Koiter model contains both membrane a
different order of magnitude.a b s t r a c t
We propose in this article to consider the limit behavior of the Koiter shell model when one of the char-
acteristic length of the middle surface becomes very large with respect to the other. To do this, we per-
form a dimensional analysis of Koiter formulation which involves dimensionless numbers characterizing
the geometry and the loading. Once reduced to a one-scale problem corresponding to thin-walled beams
(long cylindrical shell), using asymptotic expansion technique, we address the limit behavior of Koiter
model when the aspect ratio of the shell tends to zero. We prove that at the leading order, Koiter shell
model degenerates to a one dimensional thin-walled beam model corresponding to the Vlassov one.
Moreover, we obtain a general analytical expression of the geometric constants involved, that improves
the empirical expression given by Vlassov.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Thin structures (plates, shells, beams and thin-walled beams)
are widely used in industries because they provide a maximum
of stiffness with a minimum of weight. Among thin-structures,
we classically distinguish plates (with zero curvature), shells (shal-
low and curved shells), beams and thin-walled beams. Thin-walled
beams are at the cross of shells and classical beams (with full
cross-section): they can be seen equivalently as beams whose pro-
ﬁle of a cross-section is thin, or as very long shells.
Classical one-dimensional or two-dimensional models of plates,
shells, beams and thin-walled beams were obtained historically
using a priori kinematics and statics assumptions in the three-
dimensional equilibrium equations (Koiter, 1960; Novozhilov,
1959; Vlassov, 1962). More recently, asymptotic approaches1 en-
abled to justify rigorously most of these classical models (Ciarlet
and Destuynder, 1979; Destuynder, 1985; Sanchez-Palencia,
1989a,b, 1990; Hamdouni and Millet, 2003a,b; Rigolot, 1977; Marigo
et al., 1998. However, in spite of all these works, the Koitershell
model was never justiﬁed by asymptotic approach2 although it is
one of the most used for computing linear elastic shell problems.ll rights reserved.
.
considered in this paper. They
nstitutive law of the structure
nd bending effects coupled atA general feature of these asymptotic approaches (according to
boundary conditions), is that in the asymptotic behavior of the var-
iational displacement approach, penalty terms naturally emerge,
leading to a limit problem in a constrained sub-space. Generally,
the sub-space so deﬁned by the penalty terms, corresponds to
the searched classical kinematics (Kirchhoff-Love in plate theory,
Novozhilov–Donnell for shallow shells, or pure bendings for geo-
metrically non-rigid shells).
The reference model for thin-walled beams in linear elasticity is
the Vlassov model3 (Vlassov, 1962), historically established using a
priori kinematics and statics assumptions. Similar a priori assump-
tions are used in recent works dealing with thin walled beam theory
and applications (Kim and Kim (2005), Bottoni et al. (2005), El Fatmi
(2007)).
In the literature, there exists only a few works on the rigorous
justiﬁcation of Vlassov model using asymptotic methods. First re-
sults were obtained in (Rodriguez and Viaño, 1995, Rodriguez
and Viaño, 1997, Trabucho and Viaño, 1996), using an approach
based on an expansion at the second order with respect to the
diameter of the beam, to obtain an enriched model. Then in a sec-
ond time, the thickness is assumed to tend to zero: that leads to a
thin-walled beammodel similar to Vlassov one.However, it is well-
known that these two operations do not commute and the result
depends on the choice made.4
Afterwards, a justiﬁcation of Vlassov model from the asymp-
totic expansion of the three-dimensional elasticity equations was3 Which is a one-dimensional model composed of four differential equations.
4 This is a classical result in homogenization of periodic structures (Caillerie, 1984,
Lewinski, 1991).
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this work, the width and the thickness of the proﬁle tend together
to zero. This way, for thin-walled beams with open strongly bent
cross-section, the asymptotic model obtained differs slightly from
Vlassov one: a supplementary term coupling bending and twist re-
mains in the bending reduced equations. In the same manner, an
asymptotic thin-walled beammodel was obtained for shallow pro-
ﬁles (Grillet et al., 2005), and an extension to the non-linear case
was proposed in (Grillet et al., 2004). In (Volovoi and Hodges,
2000), the authors proposed an anisotropic thin-walled beammod-
el obtained from the Koiter model5 using the variational-asymptotic
method. Finally, let us also notice the works of Diaz and Sanchez-
Palencia (2007), where convergence results to a thin-walled beam
model for shallow proﬁles was established starting from Novozhi-
lov–Donnell model.
In this paper, we address the limit behavior of Koiter shell mod-
el when one of the characteristic dimension of the middle surface
becomes much larger than the other. We prove in particular that
the Koiter model degenerates to a one dimensional thin-walled
beam model corresponding to Vlassov model, when the aspect ra-
tio tends to zero. Moreover, we obtain a general analytical expres-
sion of the geometric constants involved, that improves the
empirical expression given by (Vlassov, 1962).
The paper is organized as follows. Section 2 is devoted to the
formulation of the problem and of the linear Koiter shell model
for a cylindrical shell with open cross-section. Then in Sections 3
and 4, we perform a dimensional analysis of Koiter formulation
that makes naturally appear dimensional numbers characterizing
the geometry and the loading. Once reduced to a one-scale prob-
lem corresponding to thin-walled beams (or to long cylindrical
shells), using asymptotic expansion technique, we examine the
limit behavior of the variational Koiter model when the aspect ra-
tio of the shell tends to zero.6 We shall see that several penalty
terms appears in the weak formulation of the Koiter model, leading
to the classical Vlassov kinematics for thin-walled beams. Thus,
without any a priori assumption, the leading term of the asymptotic
expansion of the displacements is proved to verify the classical Vlas-
sov kinematics. Then, in Section 5, we prove that the constrained
Koiter problem posed in this sub-space of Vlassov kinematics,
degenerates to four ordinary differential equations (in the variable
of the mean ﬁber of the beam) characterizing the three components
of the displacement, and the twist angle. The limit one-dimensional
beam model so obtained for very long shells in then compared to
Vlassov equilibrium equations, and to the results obtained in (Grillet,
2003; Hamdouni and Millet, in press) from the asymptotic expansion
of the three-dimensional equations of linear elasticity.2. Description of the problem
2.1. Geometry and parametrization
In all that follows, the dimensional variables will be denoted
with a tilde, whereas the dimensionless one will be denoted with-
out. Moreover, the over-lined functions will denote functions
which depend only on the variable ~y1, associated to the longitudi-
nal direction of the generators of the cylindrical shell (Fig. 1).
Let us consider a linear elastic thin-walled beam with open
cross-section, or equivalently a long cylindrical shell (Fig. 1). It is
described by the open cylindrical middle surface eS and the con-
stant thickness 2h. In this paper, we limit our study to thin-walled
beams with open strongly curved proﬁle, whose curvature is de-5 Note that a different expression from (5) for the tensor of curvature variation is
used.
6 Equivalently when one the two lengths of the middle surface tends to inﬁnity.noted ~c and length d. The length of the beam is denoted L and is
assumed to be much longer than the length d of the proﬁle.
Let us consider a cartesian coordinate system ðO; e1; e2; e3Þ
associated with the three-dimensional space, and a local coordi-
nate system ð~p; a1; a2; NÞ associated with each point p of the pro-
ﬁle, where a1 ¼ e1 is the direction of the generators (see Fig. 1).
In the case of cylindrical shells, we can always consider a mappingeWð~y1; ~y2Þ of the middle surface eS such as ða1; a2; NÞ is orthonormal,
where ð~y1; ~y2Þ 2 eX denotes the local variables associated with the
parametrization. Consequently, we have aab ¼ dab, and the contra-
variant basis ða1; a2; NÞ confuses with the covariant basis
ða1; a2; NÞ. Therefore, in the next, we will use indifferently the
covariant or the contravariant components of the considered vec-
tor and tensor ﬁelds. Vectors will be denoted ~u ¼ eUiei in the carte-
sian basis and ~u ¼ ~uiai in the local basis, with a3 ¼ N. Moreover, the
coordinates of a point ~p ¼ eWð~y1; ~y2Þ will be denoted ð~x1; ~x2; ~x3Þ in
the cartesian basis.
We assume that the shell considered is subjected to forces with
surface densities ~f ¼ ð~f 1; ~f 2; ~f 3Þ, and is ﬁxed or clamped at its two
extremities eC0 and ~C1 corresponding respectively to ~y1 ¼ 0 and
~y1 ¼ L. Moreover, the lateral boundary eCl is free.
2.2. The Koiter shell model
We consider in this paper long cylindrical shells in linear elas-
ticity, whose mechanical behavior is described by the Koiter shell
model. Its variational formulation for a shell with a thickness 2h
subjected to a surface loading ~f classically writes (Destuynder,
1985; Bernadou, 1996; Sanchez-Hubert and Sanchez-Palencia,
1997; Béchet et al., 2008):
Find ~u 2 eV ¼ fH1ð~XÞ  H1ð~XÞ  H2ð~XÞg, ~v satisfying the kine-
matics boundary conditions, such that:
2h
Z







eS ~f i~v ideS 8~v 2 eV ð1ÞFig. 1. The thin-walled beam and the used coordinate systems.
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Aabkl ¼ E
2ð1þ mÞ d





denote the coefﬁcients of the elastic constitutive law. In particular,
we have:
A1111 ¼ A2222 ¼ 4lðkþlÞðkþ2lÞ ¼ l 4ðbþ1Þ2þb
A1122 ¼ A2211 ¼ 2lk2lþk ¼ l 2b2þb
A1212 ¼ l
A1211 ¼ A1222 ¼ 0
8>>><>>>>:
ð3Þ
where we set b ¼ kl and where k and l are the Lamé coefﬁcients of
the material considered. In the next, to simplify the notations, we
set A ¼ 8ðbþ1Þ2þb and B ¼ 4b2þb.
On the other hand, the components ~cab and ~qab of the mem-
brane strain tensor and of the variation of curvature tensor are
given by:
~cabð~uÞ ¼ 12 ð
eDa~ub þ eDb~uaÞ  ~bab~u3 ð4Þ
and
~qabð~uÞ ¼ ~@a ~@b~u3  eCcab ~@c~u3  ~bca~bcb~u3 þ eDa ~bcb~uc þ ~bca eDb~uc ð5Þ
where
eDa~ub ¼ ~@a~ub  eCkab~uk ð6Þ
denotes the covariant derivative of ~ub; ~bab being the coefﬁcients of
the second fundamental form accounting for curvatures. Finally, ~@a
is the classical derivative with respect to a and eCkab denote the
Christoffel symbols of the middle surface ~S.
For the cylindrical shells considered in this paper, only one
component of the curvature tensor ~b22 ¼ ~b22 ¼ ~c does not vanish
when considering the parametrization of Fig. 1. Moreover the cur-
vature only depends on ~y2. Consequently, the components (4) and
(5) of the membrane strain tensor and of the variation of curvature
tensor reduce to:
~c11 ¼ ~u1;1
~c22 ¼ ~u2;2  ~cu3
~c12 ¼ 12 ð~u1;2 þ ~u2;1Þ
8><>: ð7Þ
~q11 ¼ ~u3;11
~q22 ¼ ~u3;22 þ ~c~u2;2 þ ð~c~u2Þ;2  ~c2~u3
~q12 ¼ ~u3;12 þ ~c~u2;1
8><>: ð8Þ
Note that it would be also possible to start from Novozhilov equa-
tions7 for cylindrical shells (see 40 of Novozhilov, 1959). However,
as the Novozhilov equations are similar (but not identical) to Koiter
formulation for cylindrical shells (the bending contribution is simpli-
ﬁed in Novozhilov equations), we would obtain the same Vlassov
kinematics of Result 4.1, but not the one-dimensional equilibrium
equations of Section 6.
3. Dimensional analysis of equations
3.1. Scaling of the geometry, forces and unknowns
First, let us deﬁne the following dimensionless data and un-
knowns of the problem (noted without a tilde), like in Grillet,7 And not from Novozhilov–Donnell equations which are valid for shallow shells






























The variables indexed with r are the reference ones, for the applied
forces ðf1r; f 2r; f 3rÞ, the unknown displacements ðu1r; u2r; u3rÞ or
the geometry ðd; LÞ. Consequently, we have ~@1 ¼ 1L @1 and ~@2 ¼ 1d @2,
where ~@a ¼ @@~ya and @a ¼ @@ya.
In what follows, we consider that the reference curvature cr is
equal to ~cmax, the maximum of j~cj, where j~cj denotes the absolute
value of ~c. This is equivalent to assume that the curvature stays
of the same order of magnitude along the whole proﬁle. In this pa-
per, we focus on thin-walled beams with a strongly curved proﬁle
such as 1=cr  d.
Moreover, to avoid any a priori assumption on the order of mag-
nitude of the displacements (which are the unknowns of the prob-
lem), we consider in a ﬁrst time that u1r ¼ u2r ¼ u3r ¼ h, which
ensures to stay in the framework of linear elasticity. Then, using
(9) and (10), we obtain the following expressions of the dimension-
less components of the membrane strain tensor:
~c11 ¼ u1rL u1;1 ¼ geu1;1
~c22 ¼ u2rd u2;2  cru3rcu3 ¼ gu2;2  mcu3
~c12 ¼ 12 u1rd u1;2 þ u2rL u2;1
  ¼ 12gðu1;2 þ eu2;1Þ
8><>: ð11Þ
and of the curvature variation tensor:
~q11 ¼ u3rL2 u3;11 ¼ 1d e2gu3;11
~q22 ¼ u3rd2 u3;22 þ
cru2r
d ½cu2;2 þ ðcu2Þ;2  c2c2r u3ru3





~q12 ¼ u3rLd u3;12 þ cr u2rL cu2;1 ¼ 1d eðgu3;12 þ mcu2;1Þ
8>>>><>>>>:
ð12Þ
where we set e ¼ dL ; g ¼ hd and m ¼ hcr .
Thus, three dimensionless numbers characterizing the geome-
try of thin-walled beams or of long cylindrical shells naturally
emerge:
 e ¼ dL denotes the aspect ratio of the beam. It is a small
parameter.
 g ¼ hd represents the relative thickness of the beam (compared to
the length of the proﬁle). It is also a small parameter for thin-
walled beams.
 m ¼ hcr is the ratio between the thickness and the smallest
radius of curvature of the proﬁle. Equivalently, it represent the
shallowness of the corresponding shell.
Therefore, three dimensionless geometric numbers are neces-
sary to describe accurately the geometry of thin-walled beams,
whereas only two are needed for shells.
On the other hand, the dimensional analysis of the right-hand
side of (1) leads to:Z
eS ~f  ~v deS ¼
Z




½ðG1Þf1v1 þ ðG2Þf2v2 þ ðG3Þf3v3dS ð13Þ
where we set:
G1 ¼ f1rl ; G2 ¼
f2r
l
; G3 ¼ f3rl ð14Þ
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dimensionless numbers characterize the order of magnitude of
the applied forces.
3.2. One scale problem
In order to get a one-scale problem to perform the asymptotic
expansion of dimensionless Koiter model, we chose e as the refer-
ence small parameter, and we express the other dimensionless
numbers with respect to the powers of e. First, in this paper, we
will only consider thin-walled beams with strongly curved proﬁle
such that:
g ¼ e and m ¼ e ð15Þ
Note that the condition m ¼ e implies that 1=cr  d, which corre-
sponds to strongly curved proﬁles, for instance a half-cylinder.
Moreover, we will consider moderate levels of applied forces, of
the same order of magnitude as in Grillet, 2003, in press:
G1 ¼ e5; G2 ¼ e6; G3 ¼ e6 ð16Þ
For these levels of applied forces, we can prove (with a development
similar to Hamdouni and Millet, in press) that the longitudinal
displacement ~u1 is one order smaller than the two bending dis-
placements.8 This result expresses the fact that the traction displace-
ment is smaller than bending displacements for this kind of
structure, whose traction rigidity is more important than the bend-
ing one. Thus, we ﬁnally consider the following scalings for the
displacements:
u1r ¼ eh; u2r ¼ h; u3r ¼ h ð17Þ
Using scalings (15) and (17), we obtain a problem which depends
only on the small perturbation parameter e, where the expressions





~q11 ¼ 1d e3q11
~q22 ¼ 1d eq22




c22 ¼ u2;2  cu3
c12 ¼ 12 ðu1;2 þ u2;1Þ
and
q11 ¼ u3;11
q22 ¼ u3;22 þ cu2;2 þ ðcu2Þ;2  c2u3
q12 ¼ u3;12 þ cu2;1
ð19Þ
Replacing expressions (18) of ~cab and ~qab in the dimensionless for-
mulation of Koiter model (1), we obtain a new dimensionless vari-
ational formulation which writes on the form of the following
penalty problem:
Find u 2 V ¼ fv 2 H1ðXÞ  H1ðXÞ  H2ðXÞ;
satisfying the kinematics boundary conditionsg such that













































f1v1 þ f2v2 þ f3v3½ dS ð20Þ8 In the case of a strongly curved proﬁle, the bending displacements ~u2 and ~u3 play
similar roles.where we recall that we have set A ¼ 8ðbþ1Þ2þb and B ¼ 4b2þb.
In such asymptotic calculations, expression (20) contains terms
with factors ep; p 2 N. The terms with factors p < 0 are ”penalty
terms” (restraining the space V to a subspace G as we will see in
the sequel), whereas those with p > 0 are called ”singular pertur-
bation terms”, which are lost at the limit. Finally, terms with factor
e0 contain the limit problem at the main order, which is generally
well-posed in the subspace G accounting the penalty conditions.
4. Vlassov kinematics
According to the classical asymptotic technique Sanchez-Hu-
bert and Sanchez-Palencia, 1992, we search for the solution
u ¼ ðu1; u2; u3Þ under the form of a formal expansion with respect
to the perturbation parameter e:
u1 ¼ u01 þ eu11 þ e2u21 þ   
u2 ¼ u02 þ eu12 þ e2u22 þ   
u3 ¼ u03 þ eu13 þ e2u23 þ   
8>><>: ð21Þ
Let us now replace the expressions (21) of the displacements in (20).
We obtain a chain of coupled problems P4 . . .P0, corresponding to
the cancellation of the factors of the successive powers of e4 to e0.
The calculations that follow will be performed in two main
steps:
– ﬁrst the penalty terms (corresponding to ep with p < 0) will
exhibit the speciﬁc Vlassov kinematics9 satisﬁed by the leading
term ðu01; u02; u03Þ of the expansion (21),
– then problem P0 at the leading order e0 will characterize the
speciﬁc one-dimensional equilibrium equations of the problem
(the search one-dimensional thin-walled beam model).Result 4.1. For applied force levels such as G2 ¼ G3 ¼ e6 and G1 ¼ e5,
the leading term u0 ¼ ðu01; u02; u03Þ of the expansion of the displace-
ment satisﬁes the Vlassov kinematics which writes:










u02 ¼ Uc2 cosaþ Uc3 sina qðy2ÞH0




lðy2Þ ¼ ðx2  xc2Þ cosaþ ðx3  xc3Þsina





 U1 is the longitudinal displacement in the direction e1 ¼ a1.
 Uc2 and Uc3 are the cartesian displacements in e2 and e3 direction
of an arbitrary point C of coordinates ðxc2; xc3Þ in the plane of a
cross-section.
 H0 denotes the rotation of the proﬁle around the axis ðC; e1Þ.




 a is the angle between the directions e2 and a2 (see Fig. 2).9 Of rigid solid in the plane of a cross-section.
10 We recall that the over-lined functions denote functions which depend only on
the variable y1.
Fig. 2. Geometric interpretation of lðy2Þ and qðy2Þ.
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Result 4.1 provides directly from the penalty terms associated
with the singular perturbation problem (20). They correspond to
the cancellation of the terms with factors e4 and e2. In the same
way, the cancellation of the terms with factors e3 and e1 lead
exactly to the same results for the second term u1 ¼ ðu11; u12; u13Þ of
the expansion (21).
(i) Characterization of the subspace G
The cancellation of the factor of e4 in (20) leads to the penalty
condition P4 which writes:
Find u0 2 V such as
Z
S
Ac22ðu0Þc22ðvÞdS ¼ 0 8vV ð24Þ
Considering the particular test displacement v ¼ u0 2 V , we get:Z
S
A½c22ðu0Þ2 dS ¼ 0 ð25Þ
As A is a strictly positive constant, c22ðu0Þ vanishes so that we obtain
according to (19):
c22ðu0Þ ¼ 0() @2u02  cu03 ¼ 0 ð26Þ
Now, the cancellation of the factor of e2 leads to the penalty con-
dition P2 which writes:Z
S









q22ðu0Þq22ðvÞdS ¼ 0 8v 2 V ð27Þ














1 þ @1u02 ¼ 0
@22u03 þ c@2u02 þ @2ðcu02Þ  c2u03 ¼ 0
(
ð29Þ
Thus, we deﬁne the subspace G  V incorporating (26) and (29) as
constraints on the displacement associated with the singular per-
turbation problem (20):
G ¼ u0 2 V ; such that c22ðu0Þ ¼ 0; q22ðu0Þ ¼ 0; c12ðu0Þ ¼ 0

 
ð30Þ11 Vlassov kinematics is nothing else than a rigid solid kinematics in the plane
ðe2; e3Þ of the cross-sections written in the Frenet basis ða1; a2; a3Þ of the proﬁle with
a3 ¼ N.(ii) Vlassov kinematics
The displacement u0 at the leading order satisﬁes u0 2 G or
equivalently:c22ðu0Þ ¼ 0 () @2u02  cu03 ¼ 0
q22ðu0Þ ¼ 0 () @22u03 þ c@2u02 þ @2ðcu02Þ  c2u03 ¼ 0
c12ðu0Þ ¼ 0 () @2u01 þ @1u02 ¼ 0
8><>: ð31Þ
We will now prove that the ﬁrst two conditions c22 ¼ 0 and q22 ¼ 0
characterize a rigid solid displacement in the plane ðe2; e3Þ of the
cross-sections. Indeed, combining the two ﬁrst relations of (31),
we get:
@2½@2u03 þ cu02 ¼ 0 ð32Þ
which leads to
@2u03 þ cu02 ¼ H0 ð33Þ
where H0 only depends on y1 and will represents the twist angle.
We then have to integrate the system:
@2u02  cu03 ¼ 0
@2u03 þ cu02 ¼ H0
(
ð34Þ
To this end, we proceed as in Hamdouni and Millet, in press. Let us
ﬁrst deﬁne the angle a between the direction e2 and the tangent
vector a2 to the proﬁle (see Fig. 2). It only depends on the curvilin-








where we recall that cðy2Þ denotes the curvature of the proﬁle in the
plane of the cross-sections. Now, let us express the components
ðu02; u03Þ of the displacement u0 in the local basis ða2; a3Þ, with
a3 ¼ N, with respect to its components ðU02; U03Þ in the cartesian ba-
sis ðe2; e3Þ. We have:
u02 ¼ U02 cosaþ U03 sina
u03 ¼ U02 sinaþ U03 cosa
(
ð36Þ








By integration with respect to y2, according to (35), we obtain:
U02 ¼ Uc2  ðx3  xc3ÞH0
U03 ¼ Uc3 þ ðx2  xc2ÞH0
(
ð38Þ
where Uc2 and U
c
3 denote the components of the bending displace-
ment, expressed in the cartesian basis ðO; e2; e3Þ, of an arbitrary
point Cwhose coordinates are ðxc2; xc3Þ. Finally, replacing expressions
(38) of u02 and u
0
3 in (36), we obtain the kinematics of Result 4.1 for
the bending displacements:
u02 ¼ Uc2 cosaþ Uc3 sina qðy2ÞH0




lðy2Þ ¼ ðx2  xc2Þ cosaþ ðx3  xc3Þ sina
qðy2Þ ¼ ðx2  xc2Þ sinaþ ðx3  xc3Þ cosa

ð40Þ
The kinematics (39) and (40) correspond to the classical Vlassov
one11 Grillet, 2003; Grillet et al., 2000; Vlassov, 1962; Hamdouni
and Millet, in press, where H0 is the rotation of the proﬁle around
the axis ðC; e3Þ. The functions lðy2Þ and qðy2Þ correspond to the coor-
dinates of the vector Cp
!
in the Frenet basis of the proﬁle (Fig. 2).
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deduced from (39) using the non-distorsion condition c12ðu0Þ ¼ 0.
Let us notice that Vlassov’s kinematics of Result 4.1 is obtained
naturally here as a penalty condition, whereas it constitutes
generally an assumption imposed a priori Vlassov, 1962. In Volovoi
and Hodges, 2000, the kinematics obtained using a simpliﬁed
expression of the tensor of curvature variation, and a different
asymptotic approach is slightly different.
(iii) Associated boundary conditions
We shall now exhibit the boundary conditions associated with
Vlassov kinematics. Indeed, the ﬁxing boundary conditions at the
two extremities of the beam can be written at the ﬁrst order:
u01 ¼ u02 ¼ u03 ¼ 0 for y1 ¼ 0 and y1 ¼ 1 8y2 2 ½y2 ; yþ2  ð41Þ
where y2 and y
þ
2 are the (curvilinear) coordinates of the extremities
of the proﬁle in the direction y2, an origin y02 being chosen arbitrary.
Moreover, according to the form of the Vlassov kinematics (22) and



















U1ð0Þ ¼ U1ðLÞ ¼ 0 ð43Þ
Thus, we have four boundary conditions for the bending displace-
ments Uc2 and U
c
3 and for the twist angle H
0, but only two for the
axial displacement U1. We shall see that this is consistent with
the one-dimensional equilibrium equations obtained which are
fourth-order differential equations except for the traction equation
which is only an second-order differential equation.
Equivalently, using the functional framework associated with
the weak formulation of the Koiter model, as u0 2 V ¼ fv 2 H1ðXÞ
H1ðXÞ  H2ðXÞ; v satisfying ð41Þg, we have:
U1 2 H10ð0; L½Þ; Uc2 2 H20ð0; L½Þ; Uc3 2 H20ð0; L½Þ and
H0 2 H20ð0; L½Þ
which will be used later.
(iv) Complementary relation
To ﬁnish the proof of Result 4.1, we shall establish a comple-
mentary relation which will be useful to establish the one-
dimensional equilibrium equations. Let us come back to problem
P2. According to (26) and (29), it reduces to:
Find u0 2 G and u2 2 V such thatZ
S
½Ac22ðu2Þ þ Bc11ðu0Þc22ðvÞdS ¼ 08 v 2 V ð44Þ
Let us now consider the following particular test displacement:
v ¼ ð0; v2;0Þ ð45Þ
with v2 2 C1ðXÞ  H1ðXÞ, satisfying the boundary conditions (41)
(v2ð0Þ ¼ v2ð1Þ ¼ 0). We then have c22 ¼ v2;2 and (44) becomes:Z
S
½Ac22ðu2Þ þ Bc11ðu0Þv2;2 dS ¼ 0 8v2;2 2 C0ðXÞ ð46Þ
In the case of an open cross-section, when v2 is arbitrary, so is v2;2.
Indeed, we can always take for v2 the primitive of an arbitrary func-
tion w 2 C0ðXÞ with respect to y2 which leads to v2;2 ¼ w 2 C0ðXÞ.
This way, relation (46) leads to:
Ac22ðu2Þ þ Bc11ðu0Þ ¼ 0 in X ð47Þ
This ends the proof of Result 4.1. h5. Weak formulation in the subspace G
According to (26) and (29) obtained previously as penalty con-


















ðf1v1 þ f2v2 þ f3v3ÞdS
Taking test functions v 2 G (i.e submitted to the same constraints
as u0), and using relation (47), problem P0 reduces to:













fv dS 8v 2 G ð49Þ
Moreover, according to Result 4.1, the displacement u0 satisﬁes














On the other hand, from (22), using the geometric relations (35),



















Obviously, as v 2 G, it writes:
v ¼




V2 cosaþ V3 sina qðy2Þd
V2 sinaþ V3 cosaþ lðy2Þd
0BB@
1CCA ð53Þ
where ðV1; V2; V3; dÞ denotes an arbitrary ﬁeld of test displace-
ments depending only on y1. Obviously, we have:










which will be used in the sequel to establish the one-dimensional
equilibrium equations.
6. One-dimensional equilibrium equations
6.1. Traction equation
Result 6.1. For applied force levels such as G2 ¼ G3 ¼ e6 and G1 ¼ e5,
the unknowns ðU1; Uc2; Uc3; H0Þ are solutions of the following traction
equation:












































Proof. In order to establish the traction equation, we consider par-
ticular test displacements (53) with V2 ¼ V3 ¼ d ¼ 0 and where




and q12ðvÞ ¼ 0























f1V1 dy1dy2 8V1 2 H10ð0;1½Þ ð56Þ
After one integration by parts with respect to y1, as V1 2 H10ð0; 1½Þ






















f1V1 dy1dy2; 8 V1 2 H10ð0;1½Þ ð57Þ
which constitutes the traction Eq. (55). h6.2. Twist equation
Result 6.2. For applied force levels such as G2 ¼ G3 ¼ e6 and G1 ¼ e5,




























































Proof. Let us now consider particular test displacements (53) such
that V1 ¼ V2 ¼ V3 ¼ 0 and d is arbitrary in H20ð0; 1½Þ. Then we have













































dy1 dy2 8d 2 H20ð0;1½Þ ð59Þ
After two successive integrations by parts with respect to y1 for the
ﬁrst term of the left hand side, and only one for the second term, as
d is arbitrary in H20ð0; 1½Þ, we obtain the twist Eq. (58). h6.3. Bending equation in the direction e2
Result 6.3. For applied force levels such as G2 ¼ G3 ¼ e6 and G1 ¼ e5,





are solutions of the following bending



























x2 dy2 J22 ¼ 2
Z yþ2
y2

















Proof. To establish this bending equation, we shall take in (49)
test displacements verifying (53) with V1 ¼ V3 ¼ d ¼ 0, and where
V2 2 H20ð0; 1½Þ is arbitrary. This implies that v ¼  dV2dy1 x2; V2 cosa;





x2 and q12ðvÞ ¼ 0 ð61Þ


























þ f2V2 cosa f3V2 sina
" #
dy1 dy2 8V2H20ð0;1½Þ
As previously, after two successive integrations by partswith respect
to y1, we obtain the bending equation (60) in the direction e2. h6.4. Bending equation in the direction e3
Result 6.4. For applied force levels such as G2 ¼ G3 ¼ e6 and G1 ¼ e5,





are solutions of the following bending



























x3 dy2 J23 ¼ 2
Z yþ2
y2
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V1 ¼ V2 ¼ d ¼ 0 and V3 2 H20ð0; 1½Þ arbitrary. We then have




x3 and q12ðvÞ ¼ 0






























and leads, after two successive integrations by parts with respect to
y1, as V3 is arbitrary in H
2
0ð0; 1½Þ, to the bending equation (62) in the
direction e3. h7. Reduced dimensional equilibrium equations and comparison
with Vlassov model
7.1. Reduced dimensional equilibrium equations
The four one-dimensional equilibrium equations obtained at
Results 6.1–6.3 and 6.4 were obtained in any cartesian frame
R ¼ ðO; e1; e2; e3Þ and involve the displacement of a point C arbi-
trary chosen in the plane of the section. However, they can be sim-
pliﬁed considering a particular choice of the frame R and of C.
Indeed, if R corresponds to the main inertia frame of the proﬁle,12
we classically have:
S2 ¼ S3 ¼ 0 and J23 ¼ 0 ð64Þ
Moreover, choosing the point C as the shear center of the section,
which will be used as the pole for the computation of the sectorial
area x (see Vlassov, 1962, chapter 1), we have:
J2x ¼ J3x ¼ 0 ð65Þ
Finally, the cancellation of the sectorial static moment Sx deter-
mines the position of the origin of the curvilinear abscissa y2. If
the proﬁle has an axis of symmetry, the latter must be chosen at
the intersection between the axis of symmetry and the proﬁle. With
such a parametrization, the dimensionless equilibrium equations of





























¼ F3 þ dM13dy1
ð69Þ
We are now going back to dimensional variables in the reduced
equilibrium equations above, for a comparison with Vlassov model.
To this end, we deﬁne:12 The origin O of the main inertia frame coincides with the gravity center of the
proﬁle, and the directions ðe2; e3Þ with the principal axes of inertia.eU1 ¼ ehU1 eUc2 ¼ hUc2 eUc3 ¼ hUc3 ~H0 ¼ eH0
~x1 ¼ Lx1 ~x2 ¼ dx2 ~x3 ¼ dx3 ~x ¼ d2x ~q ¼ dq ~l ¼ dl
We then have the following result:
Result 7.1. For applied force levels such as G2 ¼ G3 ¼ e6 and G1 ¼ e5,
the unknowns eU3, ~H0, eUc1, eUc2 are solutions of the following reduced
equilibrium equations:
 EeS d2 eUc1
d~y21
¼ eF1 ð70Þ
EeJ ~x ~x d4 ~H0d~y41  leJ ~xd0 d
2 ~H0
d~y21












where the dimensional geometric constants and forces are given by:
eS ¼ 2hZ ~yþ2
~y2
d~y2 eJ ~x ~x ¼ 2hZ ~yþ2
~y2




eJ22 ¼ 2hZ ~yþ2
~y2
~x22 d~y2 eJ33 ¼ 2hZ ~yþ2
~y2
~x23 d~y2
eF1 ¼ Z ~yþ2
~y
2
~f 1 d~y2 eF 2 ¼ Z ~yþ2
~y
2
~f 2 cosa ~f 3 sina
h i
d~y2
eF3 ¼ Z ~yþ2
~y2
~f 2 sinaþ ~f 3 cosa
h i
d~y2 eMt ¼ Z ~yþ2
~y2
~lð~y2Þ~f 3  ~qðy2Þ~f 2
h i
d~y2
eM1 ¼ Z ~yþ2
~y2
~x~f 1 d~y2 eM12 ¼ Z ~yþ2
~y2
~x2~f 1 d~y2 eM13 ¼ Z ~yþ2
~y2
~x3~f 1 d~y2
The proof does not constitute any difﬁculty and is left to the reader.7.2. Comparison with Vlassov model and discussion
Vlassov equilibrium equations for thin-walled beams and the
associated kinematics were established in Vlassov, 1962 using a
priori kinematics and statics assumptions, by considering the equi-
librium of an inﬁnitesimal piece of beam of length dx1. In this pa-
per, the kinematics Result 4.1 and the dimensional equilibriums
equations (70)–(73) are deduced rigorously from the asymptotic
expansion of Koiter shell model for very long cylindrical shells.
The kinematics and the associated one-dimensional equations ob-
tained corresponds to the Vlassov ones, except for the geometric
constant eJ ~xd0 present in the second-order term of the twist equa-
tion (71). Indeed, Result 7.1 gives the following general analytical
expression:
eJ ~xd0 ¼ 83h3
Z ~yþ2
~y2
d~y2 ¼ 83 h
3d ð74Þ
where d is the length of the proﬁle. In Vlassov, 1962, Vlassov only
gives an empirical expression for this geometric constant noted eJ ~xd:
eJ ~xd ¼ 8a3 h3d ð75Þ
where a is an empirical constant which must be determined exper-
imentally. For a half-cylinder of radius R and thickness 2h, the
experiments carried out by Vlassov give a mean value of a equal
to 0.99 (see Vlassov, 1962, p. 134). In this particular case, expres-
sions (74) and (75) nearly confuse. However, with the empirical
expression (75), for each proﬁle it is necessary to carry out new
F. Béchet et al. / International Journal of Solids and Structures 47 (2010) 365–373 373experiments in order to determine the speciﬁc mean value of a.
Conversely, with the asymptotic approach developed here, we ob-
tain an exact analytical expression (74) of eJ ~xd0 , whose computation
is easy for any proﬁle.
The one-dimensional equilibrium equations for thin-walled
beams which are obtained from the asymptotic expansion of Koiter
model in this paper, do not correspond exactly to those obtained in
Grillet, 2003;HamdouniandMillet, inpress fromadirect asymptotic
expansion of the three-dimensional linear elasticity equations,
although the calculations have been performed for the same geom-
etry and the same level of applied forces (describedaccuratelyby the
dimensional numbers introduced). Even if the one-dimensional
traction and twist equations obtained are identical, the bending
equations slightly differ. In Grillet, 2003; Hamdouni and Millet, in
press, we obtained a supplementary term coupling bending and
twist effects in the bending equations. Note that this coupling is dif-
ferent from that obtained in Volovoi and Hodges, 2000 which is due
to the anisotropic properties of the material and does not exist for
isotropic elastic shells. This result can be explained by the fact that
the three-dimensional equations are ”richer” than the two-dimen-
sional Koiter shell model (they contain in particular transversal
shear whereas Koiter model does not), and lead to a supplementary
term coupling bending and twist.
However, as the Koiter shell model is not itself an asymptotic
model, even if it degenerates to the Vlassov thin-walled beam
model for very long shells, we cannot conclude that the Vlassov
model is an asymptotic model.
8. Conclusion
In this paper, we performed an asymptotic expansion of the
Koiter shell model when the ratio width/length of the middle sur-
face tends to zero. We proved that the Koiter model degenerates,
for very long cylindrical shells with open cross-section (particular
case of tubes were not considered), to a one-dimensional thin-
walled beam model whose kinematics and equilibrium equations
correspond to the Vlassov ones. The interest of the asymptotic
analysis performed in this paper from the Koiter shell model is
double. First, the result obtained proves that a very long cylindrical
shell described by Koiter model behaves like a thin-walled beam
with open cross-section described by Vlassov model. In other
terms, we can use indifferently Koiter shell model or Vlassov mod-
el to describe such long and thin structures, with strongly bent
open cross-section. On the other hand, with the rigorous derivation
of the one-dimensional thin-walled beam equations from Koiter
model, we obtained a general analytical expression of the geomet-
ric constant eJ ~xd0 involved in the twist equation, which can be cal-
culated very easily for any proﬁle. This analytical expression of
the twist rigidity eJ ~xd0 improves the expression proposed by Vlas-
sov, which depends on an empirical constant whose experimental
determination must be performed for each proﬁle considered.
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